We report a three-dimensional mechanical metamaterial that simultaneously possesses negative stiffness, negative bulk modulus, and negative Poisson's ratio. This metamaterial is a periodic arrangement of binder-shell elements. Under compression, the spherical shells dent inwards which cause the material to contract in the lateral directions. At larger deformations, snap through instability occurs and the material exhibits negative incremental stiffness. Interestingly, both incremental stiffness and incremental Poisson's ratio approach negative infinity (under displacement control) when snap-back is observed. We further showed that the multi-negative index metamaterial satisfies the strong ellipticity condition, therefore, a block of the metamaterial with many unit cells is stable under displacement constraint.
parameters that characterize a material's mechanical performance. Conventional materials have positive material parameters, and materials with negative parameters are a class of metamaterials [1] [2] [3] [4] [5] [6] [7] [8] . A material with negative Poisson's ratio (auxetic materials) contracts laterally when compressed [4, 9, 10] , while a material with negative stiffness deforms in the direction opposite to the applied force [3, 11] . Negative indices are of great interest not only for their rich physics but also for their novel applications and exceptional mechanical performances. For instance, auxetic materials can serve as mechanical diodes (an auxetic material stuck in a tube is easy to push in but hard to pull out) and produce composites with unbounded shear to bulk modulus [12] and high crashworthiness [13, 14] . Negative stiffness materials, on the other hand, can provide high energy absorption [15] and produce composites with unbounded damping and stiffness [3, 16, 17] . In recent decades, negative Poisson's ratio has been demonstrated in many materials [4, , but 3D isotropic or quasi-isotropic materials are limited. Negative stiffness, by contrast, is acknowledged in material softening/failure [39] , resonant systems [40, 41] , ferroelastic materials undergoing constrained phase transformation [42] , and prestressed buckling [43] . Recently, bistability is shown in several metamaterials, which provides a promising way to rationally control negative stiffness. Yet, 3D metamaterials simultaneously possess negative stiffness, negative Poisson's ratio are largely unexplored.
Physically, unconstrained materials (with stress boundary condition) are stable if their strain energies are positive definite, which entails positive E, G, and K, and narrows the Poisson's ratio to -1 < < 0.5 for isotropic materials [3, 44] and  < 0.5 for cubic materials. Constrained materials (surface displacement boundary condition), in contrast, has a looser stability condition, which requires the material's elasticity tensor to be strongly elliptic, such that deformations are not localized [3, 12, 45] . The strong ellipticity condition entails G > 0 and  
(1 ) (1 )(1 2 ) E    − + − > 0 [12] . In the case of E < 0, it entails  < -1 [12] . For cubic materials, strict verification of the elliptic condition requires checking the wave speed in all the wave propagation directions as
FIG. 1 (a)
A "sleeved slider unit" network produces isotropic negative Poisson's ratio. The design concept is adopted from [46] . (b) Normalized force-displacement curves and deformation patterns of several structural elements ( one sphere, two spheres in contact, two cylinders in contact, and two spheres connected with a binder) under compression. [47] . When negative incremental stiffness (softening) occurs in conventional materials, loss of ellipticity typically leads to localized deformation and thus failure as  < -1 is not satisfied. Examples include the shear bands in plastic materials [48] [49] [50] [51] , collapse bands in cellular materials [52, 53] , and kink bands in composites [54, 55] . Moreover, lumped negative stiffness elements are used to produce high damping composites [3, 16] because the negative stiffness materials with multiple elements are not stable even under displacement constraint. Thereby, how to avoid the loss of ellipticity when negative E persists is a fundamental question in preventing material failure as well as realistic applications of negative stiffness materials.
Mathematically, an isotropic material with E < 0 and  < -1 satisfies strong ellipticity thus can prevent the formation of localized bands. A cubic material with E < 0,  < -1, and (1 2 ) E  − +4G > 0 also has a great chance of satisfying strong ellipticity [47] . Recently, a 2D metamaterial is demonstrated to show E < 0 and  < -1 [56] , a 3D
counterpart is yet to be found. In addition, the above stability analysis also suggests that there's no lower bound of E and  in a constrained material. So, whether there's a mechanism that can have E and  approach negative infinite is another intriguing question.
Here, we develop a 3D metamaterial with negative Poisson's ratio and negative stiffness/bulk modulus by harnessing the snap through instability. Combing parametric studies and theoretical analysis, we show the material can be rationally designed to have negative Poisson's ratio in omnidirectional loads. The Riks method is subsequently used to explore the snap through instability at relative large deformations and the existence of negative stiffness/ compressibility is uncovered. Interestingly, incremental stiffness and Poisson's ratio exhibit singularity when "snap back" is observed in the equilibrium path. The deformation pattern and stress-strain evolution are further analyzed to reveal the underlying mechanism.
The proposed metamaterial adopts the auxetic network concept proposed in [46] , where each truss has a large tangential to normal stiffness ratio, analogy to a "sleeved slider unit" [ Fig. 1(a) ]. We start by finding such "sleeved slider" elements with negative incremental stiffness. Spherical and cylindrical shells are selected as candidates since they can be easily dented but difficult to shear. Fig. 1(b) plots the deformation of several thin shell elements under compression. The two cylinders in contact element ( ) undergoes significant lateral expansion thus unqualified. The two spherical shells in contact element ( ) presents negligible lateral expansion but no negative post-buckling stiffness. The post-buckling stress rises because the contact area increases, which can be tuned to decrease by introducing a binder between the spherical shells. As depicted by in Fig. 1(b) , the binder-shell elements indent under compression exhibiting a negative incremental stiffness with negligible lateral expansion. Therefore, they are arranged periodically to produce metamaterials. Fig. 1(c) presents the deformation of one resultant metamaterial under uniaxial compression, where negative Poisson's ratio is qualitatively observable. Note that the sphere bulge slightly but the Poisson's ratio is based on measurements of the outer surfaces of the multi sphere specimen. Its negative stiffness will be presented later.
To find the design criteria of the metamaterial, a numerical parametric study is first performed. The discussion is limited to body centered cubic (BCC) lattice for simplicity [ Fig. 1(c) ]. The numerical simulations were conducted on unit cells with periodic boundary conditions [57, 58] utilizing finite element code ABAQUS. The binders are discretized using solid C3D8 elements. The spherical shells are discretized by shell elements and the outer surface of the shells are connected to the bind by offsetting the midplane of shell elements. The accuracy of the mesh was ascertained through a mesh refinement study. The equilibrium path of metamaterials with varying relative shell thickness t/R, relative binder radius rb/R, and stiffness ratio Eb/ Es (h/R is fixed at 0.02, and Es fixed at 70 GPa) under uniaxial compression are calculated using the Riks method [59] . The definition of t, h, R and rb are shown in Fig. 1 and subscript "b" and "s" refer to the binder and shell, respectively.
The simulation results are summarized in Fig. 2 for materials with h/R = 0.02, Eb/ Es = 0.04, rb/R = 0.2 and varying t/R. As expected, the proposed material inherits negative incremental stiffness from the structural elements.
Because of cubic symmetry, Poisson's ratio 12  overlaps with 13  [ Fig. 2(b) ], as verified by the symmetric deformation pictured in the stress contours. Interestingly, snap back is found for metamaterial with t/R = 0.035. The actual path under displacement control and load control will follow the vertical dashed arrow and horizontal dashed arrow, respectively. Under displacement-controlled loading, the force drops abruptly from point B to point C, corresponding to the break of deformation symmetry induced by snapthrough instability (Fig. 2 bottom right) .
To uncover the underlying mechanism, we start with the mechanical properties at small deformations. Fig. 3 
where  is the tangential to normal stiffness of the structural element. Results of Eq. (1) is plotted as horizontal lines in Fig. 2(b) , which is consistent with the numerical result. Moreover, the simulation results indicate that the normalized effective stiffness scales linearly with t/R and rb/R (for rb/R > 0.1) by equation
A comparison of Eq. (2) and the numerical results are provided in [47] , showing that C1=1.08 and C2=0.0167 gives an accurate prediction. However, Eq. (1) and (2) [60, 61] . As derived in [47] , each component of the compliant matrix follows anomalies. In contrast, for t/R = 0.04, the deformation of the adjacent spheres change from a symmetric pattern to a nonsymmetric pattern, which is presented in Fig. 4(d) and [47] . Moreover, the range of applied strain where pattern transformation takes place (between point B and point C) is consistent with the range of negative So far, the numerical simulations are based on unit cells. It is acknowledged that when pattern transformation is triggered, the microscopic bifurcation may have a longer periodic length than the unit cell. To verify that the unit cell suffices to capture the microscopic instability, we further perform simulations on super unit cells with 2×2×2, 1×1×4, 2×2×4, and 3×3×3 unit cells referring to [64] . The pattern transformation of all the super unit cells is found to be the same as the one unit cell result as shown in Fig. 4(d) [47] . In addition, since the metamaterial presents snap through type instability, adding imperfection is not necessary to initiate buckling. For a realistic material, however, imperfection is inevitable. To predict the effect of imperfection, eigenmodes are artificially introduced to the material as imperfections. Results show that imperfections will reduce the value of negative stiffness and negative Poisson's ratio, nevertheless, the double negative indices still exist [47] .
As discussed previously, both obtained. In previous studies, negative stiffness materials have positive Poisson's ratio, which does not satisfy strong ellipticity. Here, after checking the wave speed in all possible wave propagation directions and wave polarizations for the metamaterial with rb/R = 0.2, Eb/ Es = 0.04 and t/R = 0.04, we found it satisfies the strong ellipticity condition [47] . A metamaterial with inc E < 0 and satisfies strong ellipticity is of great application importance because then a large block of the metamaterial (containing many unit cells) can be used. Also note that the incremental stiffness and Poisson's ratio become the "applicable" stiffness and Poisson's ratio when prestressed to the corresponding strain. Thereby, prestressed metamaterials can be used to create composites with exceptional high damping and high stiffness as reported in [3, 11, 16, 17] . Furthermore, bulk modulus can be calculated by
. The proposed metamaterial with negative E and  also leads to a negative bulk modulus. This is known as negative compressive metamaterial and has potential applications like actuators, force amplifiers, and micromechanical controls [65] .
In summary, we demonstrate a triple negative cubic metamaterial that can satisfy the strong ellipticity condition. Without prestress (at small strains), the material exhibits negative Poisson's ratio, which can be rationally tuned by the geometric parameters. Evaluating the Poisson's ratio in arbitrary loading directions reveals an omnidirectional negative Poisson's ratio. When prestressed to specific strain levels, the metamaterial presents both negative stiffness, negative bulk modulus, and negative Poisson's ratio. Moreover, inc E and inc  approach negative infinity when snap back occurs. Although the metamaterial possesses inc E < 0, it satisfies the strong ellipticity condition, thus opens new possibility to prevent deformation localization and enable the application of homogeneous negative stiffness/ compressibility materials. Importantly, recent progress in self-assembling techniques [66] [67] [68] makes fabrication of the metamaterial at nanoscale possible, which will facilitate new applications of multi-negative index materials.
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Finding a negative stiffness material that satisfies the strong ellipticity condition TOC Figure. Traditional material with negative incremental stiffness will form localized deformation bands, which often leads to failure. By contrast, a deformation band can be delocalized in a double negative metamaterial, providing a mechanism to prevent premature failure.
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Supplementary Material for 3D mechanical metamaterials with negative stiffness and negative Poisson's ratio approaching negative infinity 
Numerical simulations
The geometry of the metamaterial is modelled referring to foam materials fabricated by sintering and self-binding [1] [2] [3] [ Fig. S1(a) ]. Specifically, the binders are constructed by revolving arcs that tangentially connect two adjacent spheres. The binders and shells are assumed to have different materials.
The mechanical performance of the metamaterial is calculated on unit cells with periodic boundary conditions [4, 5] [ Fig. S1(b) ]. A periodic material subjected to a macroscopic deformation gradient F should satisfy the following equation [4] , ,
where A and B are a pair of points located on the periodic boundaries. u denotes the displacement, X denotes the position in the reference configuration, and H = F -I is the macroscopic displacement gradient tensor. For a 3D structure, the displacement gradient is a 3×3 matrix .
In finite element implementation (commercial software ABAQUS), Eq. (S1) is implement by equation constraints and H is assigned by the displacement components of three reference nodes. In this study, uniaxial compression of the unit cell in [100] direction is calculated by assigning H11 = 11  . The transverse strains are subsequently calculated from the resultant components H22 and H33. The macroscopic first PiolaKirchoff stress tensor is then extracted through virtual work consideration [4] . In addition, shear modulus G is calculated by applying a simple shear to the unit cell with H12 = and all other components being zero.
The snap through and snap back buckling behavior of the metamaterial is captured by the Riks method [6] . The binders are discretized by C3D8 element and shells are discretized using shell element S3 and S4, which uses thick shell theory or Kirchhoff thin shell theory based on the shell thickness. The *offset command is used to offset the midplane of shell elements such that the outer surface of the spherical shell connects to the binder.
Using the described method, the stress-strain relationship in [100] direction under uniaxial compression is calculated, as shown in Fig. 2 
Fig . S2 summarizes the lateral expansions of the structural elements under compression. Results show that the cylinder shells present two orders greater bulging effect than the spherical shells. The deformation of periodically arranged 2D cylinders is shown in Fig. S3 , which has a positive Poisson's ratio of 0.66 because of the significant lateral expansion (bulging effect). To verify that the conventional BCC unit cell successfully captures the buckling pattern, simulations on super unit cells with 2×2×2, 2×2×8, and 3×3×3 conventional unit cells are also performed. The comparison in Fig. S8 shows that all simulations exhibit the same deformation pattern, verifying the use of the conventional unit cell. 
Micromechanics analysis
In order to derive a theoretical prediction of Poisson's ratio under small deformation, we perform a micromechanics analysis on the unit cell (Fig. S4 ). The analysis is based on the force equilibrium in the (100) plane. Assume the force applied on each binder-shell element in the direction [100] is F. The force components in the normal and tangent directions are Fn and Ft, respectively [ Fig. S4(b) 
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This equation indicates that structural elements with λ > 1 will lead to negative Poisson's ratio, which is consistent with results in [7] . An energy based analysis gives the same result [8] . With this equation, Poisson's ratio can be predicted by calculating the normal and tangential stiffnesses of the structural elements numerically. 
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Stability analysis
Unconstrained materials
In unconstrained materials, the positive definite strain energy condition requires energy densities 
The strong ellipticity condition for constrained materials
To ensure that a material is stable under displacement constraint, the strong ellipticity condition must be satisfied [9] . The strong elliptic condition poses the following requirement on the elastic tensor, For an isotropic material, the three wave propagation speeds speeds to propagate the deformation to the whole material. Based on Eq. (S10), the material property space that satisfies the strong ellipticity condition can be obtained. The resultant material parameter space is summarized in Table S1 , which has three regions [13] . Table S1 . Material parameters satisfying the strong ellipticity condition for isotropic materials under displacement constraint.
Next, let's discuss the strong ellipticity condition for cubic materials. The wave propagation in anisotropic media is different from isotropic materials because the elastic wave velocity is direction dependent. Thereby, a rigorous verification of the strong ellipticity condition requires checking that the material has positive wave propagation speed in all wave incident directions and wave polarizations. This is achieved by numerically calculating the eigenvalues of the acoustic tensor, ik For a cubic symmetric material the stiffness tensor ijkl C is defined by three parameters, 11 C , 12 C , and 44 C . Specifically, 11
(1 ) (1 )( 1 2 
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The above method requires an exhaustive search on all the wave propagation directions, which is troublesome. A simplified approach is to check the wave speeds in the high symmetric planes, i.e., [100], [110] , and [111] direction, where analytical solutions exist. Although not rigorous, this approach provides a necessary condition for strong ellipticity. Moreover, the minimum wave propagation speed (critical point) typically appears on the high symmetric planes as exhibited in Fig. S6 (S11)
The wave propagation speed condition in this direction is the same as that for isotropic materials.
Positive wave speed condition entails 
The real wave speed requirements entail the right hand sides of Eq. (S11-S13) to be positive, which can be summarized as 11 C > 0, 44 C > 0, 11 
12
CC − > 0, and 11 12 44 24 C C C ++> 0. Focusing on the negative stiffness E < 0 scenario, one can derive the following requirements from these inequalities, E < 0,  < -1, G > 0, and
Note that the first three requirements are the same for an isotropic material, and the additional requirement,
E  − +2G > 0, arises because of the direction dependency. Eq. (S14) can be used as a necessary condition to find cubic metamaterials with negative stiffness that have a great chance of satisfying strong ellipticity. Once a promising candidate is found, the procedure described in Fig. S6 can be used to give a strict validation of the strong ellipticity condition.
Elastic parameters in arbitrary loading directions
Based on the cubic symmetry, the elastic compliant tensor Sijkm of a cubic material can be written in the following form [15] .
(S16)
In order to derive the compliant matrix, a transformation between matrix notation and tensor notation should be performed first. Using ' 
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Eq. (S19) recovers the elastic representative surface of a cubic material as in [16] . Here, the stereographic projection in crystallography is adopted to visualize how Poisson's ratio evolves under different loading directions [ Fig. S7(c) and Fig. 3(c) 
Pattern transformation
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Cross section views on the (011) plane are provided in Fig. S8 to highlight the anti-symmetric to symmetric pattern transformation. The deformation contours of 1 conventional unit cell, 2×2×2, 3×3×3, 1×1×4, and 2×2×4 conventional unit cells under uniaxial compression are provided in Fig. S9 . Numerical results validate that the conventional unit cell captures the critical pattern. To demonstrate the effect of imperfection, buckling modes are introduced as imperfection, and the effect of imperfections are shown in Fig. S10 . The effect of hyperelasticity is presented in Fig. S11 using an Arruda-Boyce hyperelastic material model. It also should be pointed out that pressure inside the spheres will also have an effect on the mechanical behavior of the material, especially when it's inflated to high pressure and the shells are made of compliant materials. However, at atmospheric pressure, this effect is insignificant, since the deformation energy of the shells is much greater than the compression energy of gases. On the other hand, pressure can be artificially introduced to the spheres to achieve active control of the metamaterial, which is an interesting topic that can be further explored. 
